It has recently been proved that nontrivial couplings between scalar fields and the Gauss-Bonnet invariant of a curved spacetime may allow a central black hole to support spatially regular scalar hairy configurations. Interestingly, former numerical studies of the intriguing black-hole spontaneous scalarization phenomenon have demonstrated that the composed hairy black-hole-scalar-field configurations exist if and only if the dimensionless coupling parameterη of the theory belongs to a discrete set {[η − n ,η + n ]} n=∞ n=0 of scalarization bands. We have examined the numerical data that are available in the physics literature and found that the newly discovered hairy black-holelinearized-massless-scalar-field configurations are characterized by the asymptotic universal behavior ∆n ≡ η + n+1 − η + n ≃ 2.72. Motivated by this intriguing observation, in the present paper we study analytically the physical and mathematical properties of the spontaneously scalarized Schwarzschild black holes in the linearized (weak-field) regime. In particular, we provide a remarkably compact analytical explanation for the numerically observed universal behavior ∆n ≃ 2.72 which characterizes the discrete resonant spectrum {η + n } n=∞ n=0 of the composed hairy black-hole-linearized-scalar-field configurations.
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I. INTRODUCTION
It is widely believed that the recently detected gravitational waves [1] [2] [3] , which are associated with the physics of extremely curved black-hole spacetimes, may carry evidence for the existence of previously unknown fundamental fields that interact with these black holes [4] . It should be remembered, however, that various no-hair theorems [5] [6] [7] [8] [9] [10] have demonstrated the fact that the canonical black-hole spacetimes of general relativity cannot support spatially regular static scalar field configurations with minimal coupling to gravity (this conclusion is also true for scalar fields with a non-minimal coupling to the Ricci scalar of the curved black-hole spacetimes). These no-hair theorems [5] [6] [7] [8] [9] [10] may therefore represent a major obstacle to our physical hopes to discover new fundamental fields that interact with the curved black-hole spacetimes.
Nevertheless, existing no-hair theorems [5] [6] [7] [8] [9] [10] can be circumvented by violating some of their underlying assumptions [11] [12] [13] [14] . Specifically, it is well known [15] [16] [17] [18] that a non-trivial coupling of a scalar field φ to the Gauss-Bonnet invariant G of a curved spacetime may allow a central black hole to support spatially regular external scalar hairy configurations. In particular, for some range of mass [which depends on the value of the Gauss-Bonnet coupling parameter, see Eq. (19) below], a Schwarzschild black hole may become unstable to scalar perturbations in extended Scalar-Tensor-Gauss-Bonnet theories whose actions contain a coupling term of the form f (φ)G [16] [17] [18] . As a consequence, the unstable black hole may transfer some of its mass (energy) to a linearized cloud of non-minimally coupled scalar fields that surround the central black hole. The term spontaneous scalarization is usually used in the physics literature in order to describe this intriguing physical phenomenon. Interestingly, it has been explicitly proved [16, 17] that these composed Schwarzschild-black-hole-linearized-scalar-clouds configurations can be generalized to describe genuine non-linearly coupled hairy black-hole configurations.
The coupling function f (φ) between the scalar field and the Gauss-Bonnet invariant should be of a mathematical form that allows the existence of the canonical (non-scalarized) black-hole solutions of general relativity [16] [17] [18] . It has been explicitly shown in [16] [17] [18] that this physically motivated requirement amounts to the simple condition [df /dφ] φ=0 = 0. Thus, using a standard field re-definition of the form φ → φ + const [19] , one finds that, in the linearized (weak-field) regime, generic Scalar-Tensor-Gauss-Bonnet theories are characterized by the simple quadratic relation f (φ) ∝ ηφ 2 .
Using direct numerical computations, it has recently been revealed in the highly interesting works [16, 17] that the intriguing phenomenon of black-hole spontaneous scalarization is characterized by a discrete set η ∈ {[η − n , η + n ]} n=∞ n=0 of scalarization bands. In particular, the discrete eigenvalues {η + n } n=∞ n=0 of the Gauss-Bonnet coupling parameter correspond to composed black-hole-linearized-scalar-field cloudy configurations.
The main goal of the present paper is to use analytical techniques in order to explore the physical and mathematical properties of the intriguing black-hole spontaneous scalarization phenomenon in extended Scalar-Tensor-Gauss-Bonnet theories. In particular, below we shall explicitly prove that the discrete resonant spectrum {η + n } n=∞ n=0 , which charac-terizes the cloudy black-hole-spatially-regular-scalar-field configurations in the weak-field regime, can be determined analytically.
II. DESCRIPTION OF THE SYSTEM
We shall analyze the discrete resonant spectrum of the composed Schwarzschild-black-hole-linearized-masslessscalar-field configurations. These bound-state cloudy black-hole configurations are characterized by a non-trivial coupling of the scalar field to the Gauss-Bonnet invariant of the curved spacetime. The spherically symmetric curved black-hole spacetime is described by the line element [20]
where the metric function h(r) of a Schwarzschild black hole of mass M is given by the functional expression
The radius r H = 2M of the black-hole horizon is determined by the simple relation h(r = r H ) = 0. The composed black-hole-field system is characterized by the action [16, 17] 
where G ≡ R µνρσ R µνρσ − 4R µν R µν + R 2 is the Gauss-Bonnet invariant of the curved spacetime which, for a Schwarzschild black hole, is given by the simple expression
The non-trivial coupling between the scalar field configurations and the Gauss-Bonnet invariant is controlled by the coupling function f (φ) which, in the linearized regime, has the universal quadratic behavior [16, 17] 
where the coupling parameter η has the dimensions of length 2 . A variation of the action (3) with respect to the scalar field yields the scalar differential equation
which, in the Schwarzschild black-hole spacetime (1), can be expressed in the form of a Schrödinger-like differential equation [16, 17] 
where we have used here the field decomposition [21]
The tortoise coordinate y in Eq. (7) is related to the radial coordinate r by the simple differential equation [22] dr dy = h(r) .
The effective radial potential in the Schrödinger-like differential equation (7) is given by the functional expression [16, 17] 
whereη
is the dimensionless coupling parameter of the theory. The static bound-state configurations [23] of the non-minimally coupled linearized massless scalar fields in the Schwarzschild black-hole spacetime (1) , which are the main focus of the present paper, are determined by the differential equation (7) supplemented by the boundary conditions of a finite (spatially regular) scalar eigenfunction at the black-hole horizon and an asymptotically decaying behavior at spatial infinity [16, 17] :
III. ANALYSIS OF FORMER NUMERICAL RESULTS
The cloudy bound-state configurations of the composed Schwarzschild-black-hole-linearized-massless-scalar-field system have been studied numerically in [16, 17] . Interestingly, it has been found in [16, 17] that the Schrödinger-like differential equation (7) with the boundary conditions (12) admits non-trivial spatially regular field solutions if (and only if) the dimensionless coupling parameterη of the theory belongs to a discrete resonant spectrum of the form η ∈ {η + n } n=∞ n=0 . We have examined the numerically computed [16, 17] resonant spectrum {η + n } n=∞ n=0 of the composed black-holescalar-field configurations. Intriguingly, we have found that the discrete values {η + n } n=∞ n=0 of the dimensionless coupling parameter of the theory are characterized by the asymptotic universal (n-independent) behavior (see the data presented in Table I tions. We display the dimensionless quantity ∆n ≡ η + n+1 − η + n as computed from the numerical data of [16, 17] . One finds that the discrete resonant spectrum is characterized by the asymptotic universal behavior ∆n → 2.72 for n ≫ 1 [24].
The remarkably simple universal behavior (13) , which is based on the numerical results of [16, 17] , suggests that the composed Schwarzschild-black-hole-linearized-massless-scalar-field system may be amenable to an analytical treatment in the asymptotic n ≫ 1 regime [24].
The main goal of the present paper is to study analytically the bound-state configurations of the composed Schwarzschild-black-hole-linearized-massless-scalar-field system. In particular, in the next section we shall explicitly show that the discrete resonant spectrum {η + n } n=∞ n=0 , which characterizes the bound-state linearized scalar field configurations, can be determined analytically in the asymptotic n ≫ 1 regime [24]. Interestingly, below we shall provide a simple analytical explanation for the numerically observed universal behavior (13) .
IV. THE DISCRETE RESONANT SPECTRUM OF THE COMPOSED BLACK-HOLE-MASSLESS-SCALAR-FIELD SYSTEM: A WKB ANALYSIS
In the present section we shall determine the discrete resonant spectrum {η + n } n=∞ n=0 of the dimensionless coupling parameterη which characterizes the spatially regular linearized scalar field configurations in the Schwarzschild blackhole spacetime (1) [25] [26] [27] [28] .
We first point out that, in terms of the tortoise coordinate y [see Eq. (9)], the Schrödinger-like radial differential equation (7) has a mathematical form which is amenable to a standard WKB analysis. In particular, a standard second-order WKB approximation for the bound-state field configurations of the binding potential (10) yields the well-known quantization condition [29] [30] [31] y+ y− dy −V (y;η) = (n + 1 − δ) · π ; n = 0, 1, 2, ...,
where {y − , y + } are the classical turning points of the effective radial potential (10) [with V (y ± ) = 0] and the resonant parameter n is an integer. The dimensionless parameter δ in the resonance condition (14) is the WKB phase shift which is determined by a standard matching procedure [29] [30] [31] of the WKB wave function in the classically allowed region [with V (y) < 0] with the corresponding WKB wave function in the classically forbidden region [with V (y) > 0]. In particular, the WKB wave function is known to acquire a phase shift of π/4 at each turning point [29] [30] [31] . The binding potential (10) studied in the present paper is characterized by y − = −∞ and thus the scalar wave function in the classically allowed region [y − , y + ] should be matched only once (at y = y + ) to the decaying wave function in the classically forbidden region y > y + . This single matching procedure is therefore expected to yield the standard phase shift of π/4 for the scalar wave function with the corresponding phase shift δ = 1/4 in the WKB relation [29] [30] [31] . However, as we shall explicitly show below, the numerical data of [16, 17] are described extremely well by the WKB resonant formula (14) with δ = 3/8 [32] . It should be emphasized that, as we shall explicitly show below, the value of the WKB phase-shift δ has no influence on the value of the analytically calculated discrete physical parameter ∆ n [see Eq. (20) below].
The WKB integral relation (14) determines the discrete set {η + n } n=∞ n=0 of dimensionless coupling constants that characterize the composed Schwarzschild-black-hole-linearized-massless-scalar-field configurations. Using the differential relation (9) , one can write the resonance condition (14) in the form
where the two classical turning points {r − , r + } of the effective radial potential V (r;η) are determined by the relations [see Eq.
and l(l + 1)
Taking cognizance of Eqs. (2), (10), (16) , and (17), one finds that, in the eikonal large-η regime, the WKB resonance condition (15) can be approximated by the integral relation 
The WKB integral relation (18) yields the remarkably compact expression
for the discrete resonant spectrum which characterizes the composed Schwarzschild-black-hole-linearized-masslessscalar-field cloudy configurations. From the discrete resonant spectrum (19) one finds the remarkably compact dimensionless relation [see Eq. (13)]
It is interesting to point out that the analytically derived relation (20) agrees remarkably well with the numerically observed relation (13) .
V. ANALYTICAL VERSUS NUMERICAL RESULTS
It is of physical interest to compare the analytically derived discrete resonant spectrum (19) , which characterizes the composed Schwarzschild-black-hole-linearized-massless-scalar-field configurations, with the corresponding exact (numerically computed) resonant spectrum of [17] .
In Table II we present the dimensionless ratio R n ≡ η analytical n / η numerical n between the analytically calculated WKB resonant spectrum (19) and the corresponding exact (numerically computed [17] ) discrete eigenvalues of the coupling parameterη. The results presented are for the cases δ = 1/4 and δ = 3/8. In both cases one finds that the agreement between the analytically derived resonant spectrum (19) and the corresponding numerically computed coupling parameters improves with increasing values of the resonant parameter n. In particular, from the data presented in Table II one finds the characteristic property R n → 1 in the asymptotic eikonal regime α ≫ 1(n ≫ 1). Interestingly, the data presented in table II reveals the fact that the numerical data of [16, 17] (19) and the corresponding numerically computed [16, 17] discrete eigenvalues of the physical coupling parameterη. The data presented is for the cases δ = 1/4 and δ = 3/8. One finds that the numerical data of [16, 17] are described extremely well (with deviations which are much smaller than 1%) by the analytically derived WKB resonant spectrum (19) with δ = 3/8.
VI. SUMMARY
The highly important works [16, 17] have recently revealed the intriguing fact that a nontrivial coupling between a scalar field and the Gauss-Bonnet invariant may allow black holes with regular horizons to support bound-state hairy scalar configurations. The studies [16, 17] have further demonstrated numerically that the interesting phenomenon of black-hole spontaneous scalarization is characterized by a discrete setη ∈ {[η − n ,η + n ]} n=∞ n=0 of scalarization bands, whereη is the dimensionless physical parameter that characterizes the non-trivial coupling between the scalar field and the Gauss-Bonnet invariant of the curved black-hole spacetime.
In the present paper we have revealed the fact that the numerical data which are available in the physics literature [16, 17] for the hairy black-hole-linearized-scalar-field configurations are consistent with the asymptotic universal behavior ∆ n ≡ η + n+1 − η + n ≃ 2.72 (see the data presented in Table I ) [24] . Motivated by this intriguing observation, in the present paper we have studied analytically the physical properties of the composed Schwarzschild-black-hole-linearized-massless-scalar-field configurations. In particular, using analytical techniques, we have provided a remarkably compact explanation for the numerically observed universal behavior ∆ n ≃ 2.72 which characterizes the discrete resonant spectrum {η + n } n=∞ n=0 of the dimensionless coupling parameter of the theory. From the analytically derived resonant spectrum (19) we have deduced the universal (n-independent) behavior [see Eq. (13)]
It is interesting to note that the analytically derived gap ∆, as given by Eq. (21), agrees remarkably well with the corresponding numerically computed gap (13) .
